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Proportional-Integral-Derivative-Controlled Numerical Model
for the Programmable Multizone Furnace

C. H. Panzarella* and M. Kassemit
NASA Lewis Research Center, Cleveland, Ohio 44135

This article presents a two-dimensional axisymmetric combined conduction and radiation model for the
prototype of the programmable multizone furnace, which is under design at NASA Lewis Research Center.
The actual furnace is intended for growing high-quality semiconductor crystals and performing other materials
processing experiments in space. A novel feature of the model is a control algorithm that automatically adjusts
the power in any number of independently controlled heaters to establish the desired sample temperatures
during the numerical simulations. The control algorithm eliminates the need for numerous trial and error runs
previously required to obtain the same results. The finite element code, FIDAP, was modified to directly
incorporate the control algorithm. This algorithm, which presently uses proportional-integral-derivative (PID)
control, and the associated heat transfer model are briefly discussed. Together, they have been used to predict
the heater power distributions for a variety of furnace configurations and desired temperature profiles. Examples
are included to demonstrate the effectiveness of the PID-controlled model in establishing isothermal, Bridgman,
and other complicated temperature profiles in the sample. An example is also given to show how the algorithm
can be used to change the desired profile with time according to a prescribed temperature-time evolution.

Nomenclature
A = surface area
C = specific heat
D = derivative coefficient
E = error between actual and set point temperature
F = matrix containing boundary condition information
FkJ = view factor between two surfaces k and j
h = heat transfer coefficient
/ = integral coefficient
K = global system matrix containing conductivity

information
/Cth = thermal conductivity, scalar
L = heater wire length
M = matrix containing density and specific heat

information
N = total number
n = unit normal vector
P = proportional coefficient
Q = heat source per unit volume
q = heat flux on a boundary
R = distance between radiation surfaces
T = temperature
/ = time
u = vector of nodal temperatures
a = acceleration factor
8jk = Kronecker delta, 0 if / =£ k, 1 if j = k
e = emissivity/error tolerance
6 = angle between connecting line and surface normal
p = density
or = Boltzmann constant

Subscripts
A = actual
a = adjusted for the lead-in wires
air = pertaining to air
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b = boundary
c = pertaining to four circular rings of heater wire
e = experimental measurement
/ = pertaining to residual of solution
H = pertains to heaters
i = heater number/solution iteration number
/, k = radiation surface numbers/arbitrary indexes
m = pertaining to model
p = refers to constant pressure
r = radiation
S = setpoint
solid = pertaining to a solid material (insulator, heater,

or sample)
t = total
u = pertaining to solution vector
oo = ambient parameter

Introduction

T HE programmable multizone furnace (PMZF) is a pro-
posed design for a multipurpose furnace that can be easily

configured for a number of different space experiments. One
of the intended applications for the PMZF will be crystal
growth in space, where the microgravity environment is thought
to improve crystal quality. Although the furnace design is not
complete, prototypes of the furnace have been built and tested
in the Materials Processing Branch at NASA Lewis Research
Center. These prototypes test the feasibility of the PMZF
concept by examining the thermal characteristics of the design
as well as predicting the overall power consumption of the
furnace.

A major concern of the PMZF designers is to provide spe-
cific sample temperature profiles for the designated crystal
growth experiments, with a stringent total power restriction
of about 800 W. Therefore, accurate numerical predictions,
especially with regard to power consumption, are extremely
useful.

Most of the published work on numerical modeling of crys-
tal growth furnaces have focused on Czochralski crystal growth
systems1"3 have reviewed a hierarchy of models for Czo-
chralski growth. They have emphasized the need for an in-
tegrated analysis of the process that involves calculating tem-
perature distributions in the melt, crystal, and the various
components of the furnace. Published work on numerical
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modeling of Bridgman furnaces in general and multizone fur-
naces in particular has been scarce. The most elaborate com-
putational efforts have been due to Dupret et al.4 and Crochet
et al.5 who incorporated the coupling between radiative, con-
ductive, and convective heat transfer in their models. The
latter investigators presented a finite element model for a
Mellen furnace that closely resembles the furnace configu-
ration here. Unfortunately, their work is not well suited for
the PMZF project in two ways:

1) Since power was the input required by their model, they
had to painstakingly adjust the power in their 26 heater zones
to match the temperature distribution in the sample.

2) Although they were able to reproduce the temperature
distribution in the sample, the resulting power predictions
were off by a factor of 4.

These problems are addressed in this study by solving an
inverse heat transfer problem in which the desired sample
temperatures are the input and the heater powers are the
output of the model. The inverse heat transfer problem is
solved using a numerical proportional-integral-derivative (PID)
algorithm. According to this method, the temperature field
in the furnace is determined by obtaining numerical solutions
to the transient energy equation using a finite element model
of the furnace. The PID controller adjusts the heater powers
in the furnace model based on the computed temperatures at
each time step until the desired sample temperature profiles
are achieved. In this way, the numerous trial and error steady-
state runs previously required to obtain a specific sample tem-
perature profile are replaced by one transient PID-controlled
simulation. Thus, the user is conveniently removed from a
tedious computational loop. This procedure is also useful for
testing alternate control algorithms, which is an important
design issue in advanced furnaces. The main objective of this
article is to show that a control algorithm can be easily and
efficiently incorporated into a numerical model to solve a class
of inverse heat transfer problems that often occur in crystal
growth furnace design. The concept, however, is not limited
to crystal growth furnaces, but can be easily extended to other
material preparation processes such as chemical vapor dep-
osition or fiber growth.

A brief and general description of the furnace prototype
will be given in the next section. This is followed by a dis-
cussion of the heat transfer mechanisms in the furnace and
the associated numerical model. The model is used to produce
isothermal, Bridgman, and other profiles in the sample for
1-, 2-, 4-, and 10-zone furnaces. These results are discussed
and comparisons are made between the numerical predictions
of total power consumption in the furnace and experimental
measurements.

Theoretical Formulation
Physical Description of the PMZF Prototype

A typical configuration for a four-zone PMZF prototype,
which is being developed in the Materials Processing Branch
at NASA Lewis Research Center,6 is shown in Fig. 1. The
basic components of the prototype are the sample, the air
gaps, the resistive heaters, the thermal insulation, and the
aluminum cooling fins.

The sample is at the center of the furnace and has a cylin-
drical shape. In the cases studied in this article either boron
nitride or gallium arsenide samples are considered. However,
the boron nitride sample is the only one that was experimen-
tally examined. There is an air gap between the sample and
the heaters. Energy is exchanged between the heaters and the
sample primarily by conduction through the air gap and ra-
diation between the surfaces enclosing the air gap. The heaters
are made of four windings of a multilayered resistive wire and
two straight lead-in wires as indicated in Fig. 2. The heaters
are connected to a power source via the lead-in wires. There
is a small air gap between each heater coil and the surrounding
insulating material, therefore, radiation exchange must be
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Fig. 1 Cross section of a four-zone PMZF.
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Fig. 2 Diagram of a typical heater used in the PMZF: a) top view
and b) side view.

considered in those air gaps as well. The heaters are separated
from each other by a layer of insulation as shown in Fig. 1.
Therefore, each zone basically consists of a heater ring, an
aluminum cooling fin, and a layer of insulation.

A distinguishing feature of this furnace design is the place-
ment of aluminum fins around the heaters that extract heat
radially from each zone. The amount of heat extraction in
any zone can be varied by changing the size (the ratio of the
outer to inner radius) of the corresponding aluminum fin.
This provides great flexibility in achieving the desired tem-
perature gradients in the sample. Finally, the outer aluminum
shell that surrounds the entire furnace contains several water
cooled ducts that can be used to increase the rate at which
heat is extracted from the aluminum fins.

Governing Equations
The equations described below represent the heat transfer

mechanism in a particular experimental furnace prototype.
The sample as mentioned before is a solid rod, there is no
crucible, and the sample is not melted in any of the cases
examined. Therefore, effects that are related to phase change
and convection are neglected, and heat transfer in the pro-
totype is governed by the time-dependent conduction equa-
tion:

Q (i)
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The source term Q in the above equation corresponds to the
power input into the cylindrical heaters that, as will be de-
scribed below, is controlled by the PID algorithm. Equation
(1) is subject to heat flux boundary conditions at the outer
boundaries

(2a)

where h includes both convective and radiative contributions.
Furthermore, at the surfaces between the air gaps and the
solid materials (insulator, heaters, or sample) there is a bal-
ance between conductive and radiative heat fluxes expressed
by

Top Aluminum
Plate

<7solid + (2b)

where gsolid and gair represent the heat conducted to the surface
through these materials, and qr is the heat radiated from the
boundary. To compute the radiation exchange, the internal
boundaries are subdivided into a number of smaller surfaces,
Nr. Assuming these arbitrary, small, computational surfaces
are diffuse gray and have nearly uniform temperature and
radiosity, the enclosure analysis7 can be used to describe the
net radiative heat flux of surface j denoted by qt as (1 < / <
N, and 1 < k < Nr):

Nr \~$
V °kJ^ hr ~/ = ' L £j

(3)

In the above formulation Tf is the temperature of each surface
and the Fkj are the geometric view factors between radiation
surfaces. The view factors, which represent the fraction of
radiative energy leaving surface k that arrives at surface/, are
calculated using a variation of the following general expres-
sion:

• -M f*'' Ak L, L,.
COS 0, COS 0,

AAk (4)

The view factors must satisfy the following energy conser-
vation requirement:

= 1 (5)

Furnace Model
Since the furnace prototype is nearly symmetrical about its

central axis, it is represented by a two-dimensional axisym-
metric model as depicted by the coordinate system in Fig. 3.
There is a source of circumferential asymmetry due to the
heater lead-in wires as shown in Figs. 1 and 2. To avoid a full
three-dimensional analysis, the lead-in wires were not in-
cluded in the model, and each heater was approximated by
a cylindrical ring. The lead-in wires are in direct contact with
the aluminum cooling fins, and so the power dissipated by
them is extracted from the furnace by the fins and carried out
by the cooling fluid. Thus, neglecting the presence of the lead-
in wires does not significantly affect the sample temperatures.
The water-cooling channels, which were used to maintain a
nearly constant temperature on the outside of the furnace,
were not included in the model. Instead, Eq. (2a) was used
to assign the outside surface temperature to the experimen-
tally measured temperature at the boundaries that was nearly
a uniform 27°C. This temperature was specified by using an
artificially large heat transfer coefficient h with the ambient
temperature 7V_, set to the experimentally measured surface
temperature. In this way any loss of accuracy with regard to
the power dissipated by the lead wires and carried out of the
system by the cooling water was conveniently avoided.

Heater 1
Insulation: SALI Symmetry Axis v
Alumina (A12O3) " z Bottom Steel Plate

Fig. 3 Cross section of a four-zone PMZF model.

Control Algorithm
PID control is well suited for problems in which a single

output is desired by controlling a single input parameter. In
the furnace model, the controlled or "adjusted" quantity is
the heater power, and the target quantity or output (also
called the setpoint) is the desired temperature in the sample
at a particular location. The power delivered to each heater
is adjusted in order to reduce the error between the set-point
temperature and the temperature computed by the numerical
model at the desired location (referred to as an imaginary
thermocouple). The power Q to each heater is adjusted using
the following expression8:

(6)

(7)E(t) = r,.(o - TA(t)
In this way, the PID controller adjusts the power according

to the proportion, time integral, and time derivative of the
error. In the above equations, E is the error between the
actual temperature TA and the setpoint temperature Ts of the
corresponding thermocouple. The three coefficients, P, /, and
D, weight the effect of the proportional, integral, and deriv-
ative adjustments of the power, respectively. These coeffi-
cients must be determined by a trial and error process and
may vary from case to case. The coefficients used in this study
were chosen so that the steady-state temperatures would be
attained rapidly and with minor temperature fluctuations.
Expressions (6) and (7) are used to independently control
each of the NH heaters.

Numerical Implementation
The furnace model was developed using the finite element

code FIDAP.9 The temperature dependence of the material
properties was incorporated in the numerical model by spec-
ifying the value of the conductivity, specific heat, and density
of each material at specific temperatures. Linear interpolation
from neighboring values was used to obtain the correct prop-
erty values. Emissivity data for the solid materials bounding
the radiation surfaces are difficult to obtain. In particular, the
temperature dependence of the emissivities is not accurately
known for many materials, so constant average values were
used.

Nine-node isoparametric elements were used for all the
results presented here. The average of the nine nodal tem-
peratures in the "thermocouple" elements were compared to
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the experimental temperature measurements made at the cor-
responding locations in the actual furnace.

Radiation view factors were computed between all the sur-
face elements surrounding the air gaps. The number of ra-
diation surfaces was increased until no significant difference
was observed in the solution. FIDAP uses a version of the
program FACET10 to compute the radiation view factors be-
tween these surfaces. For a complicated geometry involving
third surface shadowing such as the cylinder within a cylinder
case examined here, the computations are more complicated
and there might be small errors in the view factors. FIDAP
provides a smoothing option that adjusts the view factors
slightly (weighted by their magnitudes) so that their sum adds
up to one as required by the relationship described in Eq.
(5). Although this does not increase the accuracy of any one
view factor, it ensures conservation of radiant energy. In this
study, smoothing of the view factors was used even though
its effect on the view factors was negligible.

Solution Procedure
Application of the Galerkin finite element procedure to the

transient energy equation results in a set of equations that
may be represented as

M(u) + K(u)u = Fat (8)

where K(u) is a global system matrix containing information
on the thermal conductivities as well as the coupling among
the temperatures due to radiation as given by Eq. (3), M(u)
matrix that contains information on the density and specific
heat of the materials, u is a global vector of unknown nodal
temperatures, and F is a vector that includes the effect of the
boundary conditions. Both M(u) and K(u) depend on tem-
perature because the material properties are temperature-
dependent. Therefore, these equations cannot be solved di-
rectly and an iterative technique is used.

A first-order implicit backward Euler scheme is used to
approximate the continuous time derivative in Eq. (8). The
result is an incremental procedure that advances the solution
at discrete steps in time. A variable time stepping procedure
is used that adjusts the time increment based on a local time
truncation error at each step. This is more cost effective than
a fixed time stepping approach because the solution may change
dramatically during certain time periods and not much during
others.

Iterative successive substitution is used to obtain the so-
lution at each time step. The convergence of this scheme is
slow (its convergence rate is asymptotically linear), but it
provides the necessary robustness for problems involving non-
linearities associated with radiation. Two criteria are used to
determine convergence at each time step: the relative error
of the solution vector must be less than some specified tol-
erance £„ and the other error tolerance sf is based on the
residual vector of the solution, which must tend to zero as
the iterates approach the true solution. Typical values for
these tolerances are eu = sf = 1.0 x 10"3. The stability of
the basic iterative procedure can often be improved by the
use of an acceleration factor a (0 < a < I ) . At each time
step, the next iterate in the successive substitution scheme
M / + I , is determined by

— a)u (9)

where ut is the solution of the previous iteration, and u is the
solution obtained by solving Eq. (8) with the coefficients eval-
uated at Uj. The acceleration factor is especially necessary
when working with problems involving radiation. An accel-
eration factor of 0.7 was used in this study.

PID Control Algorithm
The PID algorithm adjusts a separate heat source <2, for

each heater in the model. At each time step of the transient

solution of the energy equation, Q, is adjusted using Eq. (6)
with the error E{ determined using the temperatures obtained
from the last converged time step. In the ideal situation this
process continues until the thermocouples reach their setpoint
temperatures, at which time the final heater powers are de-
termined. An improper choice of the PID coefficients may
result in a number of problems such as temperature oscilla-
tions about the set-point or the inability to achieve the desired
sample temperature profile. For the present results only pro-
portional and integral adjustments were used. The PID coef-
ficients used in the model are different than those used in the
experiment because they are controlling two different quan-
tities. In the experiment, the PID controls the total power
delivered to each heater. In the model, the PID adjusts the
volumetric power density delivered to each model heater. In
addition, the sampling times between the two cases are dif-
ferent as will be discussed later.

The successful implementation of a control algorithm in a
numerical model requires a detailed knowledge of the struc-
ture of the numerical code and the characteristics of the tran-
sient solver. The interaction between the control algorithm
and the solver is quite complicated. For example, the algo-
rithm must allow for situations when the solution does not
converge at a certain time level and the solver returns to the
previous time level in order to proceed with a smaller time
increment. The interested reader is referred to Panzarella and
Kassemi11 for a more complete description of the control al-
gorithm together with flow charts and details of its incorpo-
ration into FIDAP.

Results and Discussion
The PID controlled simulations were used to determine the

heater powers for a one-, two-, and four-zone furnace model.
The thermocouple set-points for a particular four-zone case
are presented in Fig. 4a. The resulting temperature profile
along the center of the sample is also included in Fig. 4a, and
the power distribution obtained by the PID algorithm is given
in Fig. 4b. In this case the desired sample temperature was a
uniform 900°C. In both the model and the experiment, steady-
state temperatures of 900°C were achieved by starting from

Axial Distance: Z (cm)

3 2
Heater Number: i

Fig. 4 a) Centerline sample temperature and b) heater powers for a
four-zone furnace model, Ts = 900°C. Sample material was boron
nitride. P = 0.35, / = 100, and D = 0.
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Table 1 Temperature and power comparisons (boron nitride sample)

No.
of
zones

One

Two

Four

One

Two

Four

Sample temperature,

Cases

Experiment
Model

Experiment
Model

Experiment
Model

Experiment
Model

Experiment
Model

Experiment
Model

T4 T3

a) Ts

899 902
900 900

b) Ts

—— ——

755 756
754 755

T2
= 900

900
905

903
900

= 755

753
755

756
756

°C

Tl

°C
900
906

905
907

890
900

°C
755
755

752
755

755
753

Power Qe and Qa,

AP4 AP3 AP2

—— —— ——

—— —— 151

148 103 93
129 66 49

iry.

—— —— 75

107 94 62
99 49 39

W

API

230
168

168
128

171
145

162
132

144
106

142
112

7000 8000

Time: t (sec)

&

1000 2000 3000 4000 5000 6000 7000 8000

b) Time: t (sec)
Fig. 5 a) Sample temperature and b) heater power histories for the
four-zone furnace model, Ts = 900°C. Sample material was boron
nitride. PID coefficients were P = 0.35, / = 100, and D = 0.

room temperature, 27°C, and ramping up at a rate of about
10.5°C/min as shown in Fig. 5. The PID coefficients were
chosen by trial and error until the desired temperatures were
achieved with minimal oscillation or overshoot. In this case,
the coefficients P = 0.35 and / - 100 provided the desired
response. The derivative was not used in this or any other
case, and so its value is effectively D = 0.

The history of the temperatures and powers shown in Fig.
5 indicates an approach to steady state in about 8000 s. To
maintain a constant temperature of 900°C, the end zones re-
quire more power than the intermediate zones. This is because
they must compensate for heat loss through the top and bot-
tom of the furnace in addition to the heat loss in the radial
direction. Notice also that heater 1 requires more power than

heater 4. This asymmetry is due to the extra extension of the
air gap adjacent to heater 1, which introduces additional heat
loss by radiation. This effect was also observed in the labo-
ratory prototype and can be seen by examining the experi-
mental powers of heaters 1 and 4 in Table 1.

Numerous experiments have been conducted to determine
the total power required to maintain isothermal sample tem-
perature profiles in one-, two-, and four-zone prototypes. This
aspect is especially important for space applications because
the final design of the furnace must operate within a total
power requirement of approximately 800 W. PID-controlled
simulations were used to predict the total power consumption
in each case. A comparison between the numerically predicted
powers and the experimental measurements is given in Table
1 for an average sample temperature of 900 and 755°C, re-
spectively. This data is graphed in Fig. 6 as a function of
average sample temperature. According to these results the
model underpredicted the experimental powers by about 25%.
This discrepancy did not change noticeably for different sam-
ple temperatures or as the number of heater zones increased.
A numerical sensitivity analysis showed that the main source
for the error is the thermal conductivity of the insulation
material (SALI Alumina; A12O3). The thermal conductivity
data for the insulation used in the present simulations was
obtained from the manufacturer's brochure, but little infor-
mation was given with regard to the accuracy of the mea-
surements. This conductivity is currently being measured to
obtain more accurate property data for use in the model.
Results of the sensitivity analysis and the conductivity mea-
surements will be reported elsewhere.12

The power dissipated by the lead-in wires must be taken
into consideration when comparing model and experimental
results. The model power determined by the PID controller
is adjusted by adding to it the fraction of power assumed to
be dissipated by the lead-in wires. This fraction is determined
by assuming the power is evenly dissipated along the total
length of heater wire. The adjusted model power Qtl is related
to the model power Qm by the following expression:

Qa = Qm x (L,/Lr) (10)

where L, is the total length of heater wire in the furnace, and
Lc is the length of the four circular coils of heater wire. For
the current heater design, L,/LC is about 1.45, and so Qm was
increased by about 45% to obtain Qa. Q(l was the value used
in comparisons with experimental powers. With this relation-
ship it is assumed that 69% of the total experimental power
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Numerical Prediction of Power Consumption
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Fig. 6 Power consumption as a function of average sample temper-
ature: a) numerical predictions and b) experimental results. The sam-
ple material was boron nitride.

Qe is dissipated by the inner heater coils. The remaining 31%,
which is dissipated by the lead-in wires, is assumed to be
extracted by the aluminum cooling fins and removed from the
system by the circulating water. Since, in this study, experi-
mentally measured temperatures were prescribed at the fur-
nace boundaries, only that percentage of the power dissipated
by the inner heater coils can significantly affect the sample
temperature predictions.

A typical Bridgman temperature profile was established in
the sample for a four-zone furnace model using the same PID
coefficients as in the isothermal case. A temperature gradient
of about 15°C/cm was maintained between thermocouples 2-
3 in the sample. The resulting temperature profile along the
symmetry axis of the sample and the final PID determined
powers per zone for this profile are presented in Fig. 7. The
end zone powers (heaters 1 and 4) were quite similar to those
of the constant sample temperature case, but heater 3 required
more power, and neater 2 required less power than in that
case. It is interesting that the total power for both cases was
about the same; 269 W for the isothermal sample temperature,
and 260 W for the Bridgman temperature profile. The average
temperature of the sample in the Bridgman case was slightly
lower than that in the isothermal case and probably explains
the lower total power. Although not rigorously examined, it
is probably reasonable to conclude from the above data that
the total power required by the furnace is a function of the
average sample temperature and is nearly independent of the
particular temperature profile as long as the gradients are
reasonably small compared to the average temperature levels.
The distribution of the power among the various heaters,
however, varies for different temperature profiles.

Often in crystal growth more complicated sample profiles
are desired. An example with two different temperature gra-
dients is shown in Fig. 8a. PID-controlled simulations of a
10-zone furnace model were used to determine the heater
powers necessary to bring the sample temperature as close as
possible to the desired profile. The resulting sample temper-

a) Axial Distance: Z (cm)

3 2
Heater Number: i

Fig. 7 a) Centerline sample temperatures and b) heater powers for
a four-zone furnace model with Bridgman temperature profile. Spec-
ified temperature gradient between thermocouples 2 and 3 was 15°C/
cm. P = 0.35, / = 100, and D = 0. Sample material was gallium
arsenide.

0 6 12 18 24 30
a) Axial Distance from Furnace Top (cm)

i -
!> 140

b)
7 6 5 4 3 2

Heater Number
Fig. 8 a) Centerline sample temperature and set-point temperature
profiles and b) heater powers for a 10-zone furnace model. P = 0.20,
/ = 800, and D = 0. Sample material was gallium arsenide.

ature profile and the PID-determined heater powers are shown
in Figs. 8a and 8b, respectively. Heaters 5 and 7 need large
powers to maintain thermocouples 5 and 7 at the required
temperature of 850°C, whereas thermocouple 6 receives suf-
ficient heat from heaters 5 and 7 to maintain (or exceed) this
temperature. Therefore, no additional heat is required from
heater 6 and it reduces its power until it shuts off (zero power).



676 PANZARELLA AND KASSEMI: MULTIZONE FURNACE

The PID controller would need to request negative power
(heat sinks) from the heater 6 and others to achieve the profile
as specified. Such a situation is physically impossible, and so
the PID controller simply shuts off the heater (specifies zero
power) when negative heater power is requested. A similar
situation occurs for the other neighboring thermocouples
(thermocouples 2, 3, 4, 8, and almost 9) whose temperatures
maintained or exceeded their set-point solely by the heat from
heaters 5 and 7 and the end heaters 1 and 10, which must
supply additional heat to account for top and bottom heat
loss. This phenomenon is also observed experimentally when
steep gradients are required by the user. It is also highly
undesirable because when a heater in a given zone shuts off,
it simply implies that the furnace cannot accommodate the
required gradient with its current design and has to be re-
configured to provide more heat loss from the shut-off zones.
Thus, the large errors between the sample temperature and
the set-point temperature at certain thermocouple locations
(notably at thermocouples 2, 3, and 4) are due to the specified
temperature gradient and not to any defect in the model or
PID controller. The model exactly fulfills its required task by
indicating that this gradient is too steep to be achieved with
the present design.

In view of the previous results, further investigation was
carried out to determine the approximate maximum temper-
ature gradient that can be maintained between adjacent ther-
mocouples. This was done by lowering the cold end temper-
ature until one of the heaters shut off. It appears that a maximum
gradient of about 20°C/cm is possible for this sample material
and furnace configuration.

In addition to determining the powers necessary to achieve
a certain steady-state sample temperature profile, the PID
algorithm can also be used to change a desired profile and
the resulting sample temperatures with time. The process is
illustrated using a two-zone furnace model. The set-point tem-
perature of thermocouple 2 is maintained at 900°C while the
set-point temperature of the other thermocouple is decreased
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Fig. 9 a) Sample temperature and b) heater power histories for a
two-zone furnace model with time-dependent set-point temperature.
P = 0.15, / = 700, and D = 0. Maximum time step size: 100 s.
Sample material was gallium arsenide.
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Fig. 10 a) Sample temperature and b) heater power histories for a
two-zone furnace model with time-dependent set-point temperature.
P = 0.15, / = 700, and D = 0. Maximum time step size: 200 s.
Sample material was gallium arsenide.

linearly to 850°C. The time response of the thermocouple
temperatures and heater powers are included in Figs. 9a and
9b, respectively. Although, it appears that the temperatures
approach their setpoint, there is lag between the time at which
a particular temperature is requested and the time at which
the imaginary thermocouple attains this temperature. The
coefficients were changed but the thermocouples still re-
sponded slowly. This lag is partly due to factors such as the
mass or thermal inertia of the sample and partly because a
better control strategy that takes into account the inherent
coupling between the zones might be required for a faster
response. The algorithm can be easily modified to incorporate
a more sophisticated control technique.

One important distinction between the operation of the PID
controller in the furnace model and in an actual furnace is
that a controller used in an actual furnace is free to measure
the temperatures at any time (limited only by the sampling
rate of the electronic equipment). The numerical model, how-
ever, solves the transient energy equation at discrete time
steps. Temperatures are only determined at these time inter-
vals and are not available at intermediate times. Of course,
the time steps could be chosen so that they match the sampling
rate of temperatures in the real furnace, but this would be
inefficient. The extensive computational time and memory
storage requirement would make such a task impractical. In
this study as mentioned before, time steps appropriate for an
efficient solution of the transient problem were chosen by the
transient solver. However, a maximum size for the time steps
was specified to ensure an adequate sampling rate for the
controller. If the time steps become too large, the response
of the controller becomes erratic even though the solution is
well converged at every time step. This is indicated in Fig.
10 where it is clear that a time step of 200 s produces an
oscillatory response in both the power and the temperature
histories, even though the temperatures are converged at each
time step. This is expected since the large time steps reduce
the sampling rate of the PID controller. When the sampling
rate is too low, by the time the temperature information is
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passed to the controller, the temperatures have changed con-
siderably. The PID controller then makes a large adjustment
in the heater power to counteract this response. This results
in another drastic change in the temperatures, this time in
the opposite direction and causes a periodic fluctuation in the
power.

Conclusions
A general control algorithm was developed and incorpo-

rated in a combined conductive and radiative numerical model
for a multizone furnace prototype. The algorithm used a PID
control scheme, but can also use a multivariable, or other
more advanced control strategies. The following conclusions
can be made:

1) The numerical model agrees to within about 25% of
experimental measurements of total power consumption with
further improvements anticipated when the thermophysical
and radiation properties are more accurately determined.

2) The PID algorithm can be used to determine the heater
power distribution needed to produce a desired temperature
profile in the sample of the furnace model. This process was
carried out successfully for isothermal, Bridgman, and other
complicated profiles.

3) It is possible to use the PID control algorithm to change
a sample profile over time as was illustrated using a two-zone
example. The process could be extended to furnace models
with more zones, and could be used to translate the gradient
along the sample as is done in actual solidification experi-
ments. Further research is currently in progress in this area.

4) The control algorithm and the model can be used to-
gether as a design tool for engineers to test various design or
control ideas.

5) The implementation of the PID controller in the model
reduces the computational time for achieving a certain sample
profile by replacing numerous trial and error steady-state runs
with a single, PID controlled, transient simulation.
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